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Abstract--In this article polyhedral symmetry provides the ba is for an investigation of the stellation 
pattern of the deltoidal hexecontahedron, also known as the trapezoidal hexecontahedron, the dual of 
the rhombicosidodecahedron. This pattern reveals a bilateral symmetry which is indeed rich inthe variety 
of its complexity. It belongs to he icosahedral symmetry group, and assuchwe expect to find i  it a wealth 
of beautiful shapes. 
We begin our investigation with a notation identifying the lines of the pattern and the related line 
segments. The plane cells, also called elementary regions, are then identified. With this information we 
turn to an analysis of the connectivity ofboth plane cells and cells in three dimensions. Finally we show 
how stellated forms can thus be derived. 
INTRODUCTION 
In "Symmetry and polyhedral stel lation--Ia" [1] an investigation was presented for a very simple 
asymmetrical stellation pattern, that of the dual of the snub cube, belonging to the octahedral 
symmetry group. In this article we turn our attention to a rather more complex pattern, one having 
bilateral symmetry and belonging to the icosahedral symmetry group. Since Fleurent in the first 
article and Messer in this article carried out their investigations independently, we find that they 
each adopt a unique notation for identifying lines and related parts. Yet there is an interesting 
similarity in the final results. 
The purpose of this article is to offer a method of approach for investigating the stellation pattern 
of the deltoidal hexecontahedron, the dual of the rhombicosidodecahedron. In Dual Models [2, pp. 
70-81] Wenninger showed how rich this pattern is for deriving duals of many non-convex uniform 
polyhedra. It is this richness that prompted him to suggest a deeper investigation i to this pattern. 
The non-convex duals are not necessarily the most beautiful or aesthetically pleasing shapes. This 
pattern undoubtedly has hidden within it an abundance of stellated forms waiting to be discovered. 
We believe the method used in this article can be generally extended to an investigation of other 
convex duals. Such an extensive study, however, must remain as a topic for future research, both 
for this example as well as for the one presented in the previous article. 
THE STRUCTURE OF A SYMMETRICAL  STELLAT ION PATTERN 
(a) Notations and methods 
This work on the stellation pattern of the deltoidal hexecontahedron i troduces various 
notations and methods useful for the model builder. For a stellation pattern not having bilateral 
symmetry some further modifications will be necessary. 
First we label the lines of the stellation pattern while observing symmetry about the y-axis. See 
Fig. 1. Upper case letters (A, B, C . . . .  ) are used for lines whose y-intercept is above the x-axis. 
Lower case letters (a, b, c . . . .  ) are used for lines whose y-intercept lies below the x-axis. The 
alphabetical order of labeling is shown in Fig. 1 for a part of the stellation pattern. 
If  more than one letter exists at a y-intercept the labeling begins with the greatest magnitude 
of slope. The y-intercept separates the positive part from the negative part of any labeled line. The 
(+)  part is directed toward the positive y-axis and the ( - )  part is directed toward the negative 
y-axis. Lines perpendicular to the y-axis have both parts positive. For example see how lines B, 
b, c are signed. When considering enantiomorphs it may be advantageous to distinguish left (L) 
from right (R). For example: + B R, + B E, - B R, - B L, -1- C R, - C L. 
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Fig, 1 
It is often very useful to know the "interior" dihedral angle associated with each labeled line. 
A necessary but not a sufficient condition for the connection of two lines in three dimensions is 
that they both have the same interior dihedral angle. Clearly, a line having a unique dihedral angle 
can only connect with itself. Lines are associated with the same dihedral angle if and only if they 
are equidistant from the center of the stellation pattern. 
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Elementary line segments are consecutively numbered along labeled lines in a (+) and ( - )  
direction, each beginning at the y-intercept. For example... - A3, - A2, - A 1, + A 1, + A2, + A3, 
• . .  are labels for line segments along the line A. A stellation pattern may show lines that are parallel 
to the y-axis. Such lines may be labeled using Greek letters• Analogously, the (+) part is directed 
toward the positive y-axis and the ( - )  part is directed toward the negative y-axis. A segment may 
be numbered + 1 if it is perpendicularly bisected by any coordinate axis. 
Having information on dihedral angles and exact lengths of the segments in correct sequence 
along a line allows us to decide which lines or parts of lines connect in three dimensions. Thus 
we can represent matchings of segments using simple segmented line graphs. For example for the 
line f, where the obtuse interior dihedral angle is 143.0767703 °, we have: 
+ + + + + + 
f 8 7 6 5 4 3 2 1 1 2 3 4 5 6 f 
f 20 19 18 17 16 15 14 13 12 11 10 9 8 7 f 
+ + + + + + + + + + + + + + 
For lines like A the matching can only be with another line of the same kind, so for example -A3 R 
matches only -A3  L. 
Elementary egions are designated by a layer number followed by a letter. The single core region 
is labeled zero (0). Letters are in the order a, b, c, d . . . .  z, A, B . . . .  and indicate which surface 
member of the given layer is used. Elementary regions for each layer embedded in the stellation 
pattern are labeled in an alphabetical, clockwise order on the right-hand side of the y-axis. The 
order is repeated counter-clockwise on the left-hand side. For example: 3a, 3b, 3c . . . .  in clockwise 
and counter-clockwise direction. In general, the order is repeated between lines of bilateral 
symmetry when more than one exists. 
When constructing a main-line stellation (complete layer) it is useful to distinguish elementary 
segments that form convex edges from those segments that form the concave edges. When 
examining the stellation pattern for the set of regions present on the outside of a given layer, only 
those segments belonging to the outermost outline will become convex edges. 
We are now able to select correct regions and segment matchings for any main-line stellation. 
Simple extensions of these methods will provide ways to discover non-main-line or "composite" 
stellations. A simple example is given here for finding properties of the cells of the 2nd layer of 
the deltoidal hexecontahedron. Our primary concern is to match convex segments which make up 
the outermost outline of the 2nd layer mbedded in the stellation pattern. 
In the 2nd layer we have four region types: 2a-2d. Begin with any region, say 2d and graph all 
convex segment connections until there are no "loose" ends. Keep checking for correct segment 
correspondence. 
Examining the stellation pattern we note that -F8  belongs to a convex segment of region 2b. 
Therefore we insert 2b and all of its convex segments into the graph: since + a2 only matches + a2 
we have no more loose ends. See Fig. 2. 
Regions 2a and 2c are unused, so begin with, say, 2c. In the same way the graph finally emerges 
as Fig, 3. 
In conclusion the 2nd layer consists of two different cell types. Type ~ 1 contains outer regions 
(a, c) and type ~# 2 contains outer regions (b, d). 
These "graphs of connectivity" reveal qualitative information about he kinds of surface regions 
for each cell. However, quantitative information may be missing. For example, beginning with 
region 3c of the 3rd layer we graph the following which is theoretically correct: rather than two 
regions we actually need six (enantiomorphous) regions of 3cin order to complete the exterior of 
this cell. We could have easily deduced this fact had we known that an axis of three-fold symmetry 
passes through the convex, outermost vertex of region 3c• This speculation leads to the next step. 
Within the stellation pattern of the deltoidal hexecontahedron we can apply some general rules 
for locating intersection points corresponding to three-fold and five-fold symmetry. Such points 
shall be called "axis points." The location of two-fold axis points then becomes elf-evident. 
Beginning with the core or central region we quickly see which of its points correspond to three- 
and five-fold symmetry. Notice how some intersection points located more peripherally in the 
pattern will radiate many regions of consecutively higher layer numbers. Suspect such points as 
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being axis points. The rule is: layers are numbered consecutively without interruption at the next, 
more peripheral site of n-fold symmetry. A partial tabulation is given in Table 1. 
We thus discover the relationship that the number of layers that radiate from a particular n-fold 
axis point is a multiple of n. A corollary is that the number of different kinds of cells that radiate 
three dimensionally from a particular n-fold axis is the same multiple of n. However some 
inconsistencies arise when searching the pattern for two-fold axis points in the case of the deltoidal 
hexecontahedron. For example, a two-fold axis point may exist at the midpoint of an elementary 
segment rather than at its endpoint. See Table 2 for a partial tabulation of two-fold axis points. 
Model makers may wish to learn the under surfaces of cells which cannot be seen for cases limited 
to non-reentrant stellations. From such information we can chart graphs of cell connectivity which 
are useful for cataloguing many “composite” stellations, i.e. non-main-line forms. Further 
clarification of terminology is needed first. 
There are many synonyms for the two kinds of cell surfaces: 
outer = exterior = top = exposed; inner = interior = bottom = hidden. 
Considering the stellation pattern, a convex segment of any elementary region borders a region 
belonging to the next highest layers. Remember that convex segments make up the outermost 
Table 1 
n-fold 
Three-fold 
Axis Location section 
point of lines 
1st a and a 
2nd -B and +a 
3rd f and f; +f and +A 
Total number of layers 
Radiating layers at axis point 
0-2nd 3 
3rd-8th 6 (multiple of 3) 
9th-17th 9 
Five-fold 1st A and A 
2nd -a and -A 
0-4th 
5th-14th 
5 
10 (multiple of 5) 
Table 2 
n-fold 
Axis 
point 
1st 
Located at intersection 
of lines: 
+a and -A 
Radiating layers 
0-3rd 
Total number of layers 
at axis point 
4 
Two-fold 2nd 
c and y-axis 4th-5th 
3rd +B and -N 6th-9th 
i (multiple of 2) 
4th F and F; +b and -B IOth-15th 6 
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outline of a given layer embedded in the stellation pattern. Similarly a concave segment of a given 
region borders a region belonging to the next lowest layer. The consistent method of matching 
segments whether convex or concave was discussed previously. 
We are now ready to state a rule for solving inner cell surfaces: if the concave segment of one 
region matches the convex segment of another egion belonging to next lower layer, then the first 
region is exterior and the second region is interior for the same cell. 
Let us try a simple example: we are given cell designations for the 3rd layer (outer egions): (3ae), 
(3bdf) and (3c). We want the inner egions for each. Here is one approach. 
The inner regions must come from the set of regions (2a-d). We need only to pick one convex 
segment from each of these regions. Begin alphabetically with region (2a). It has a convex segment 
+B1 which must match another +B1. Segment +B1 is also a concave segment for region (3a). 
CAMWA |7.1/3--N 
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Therefore, place the inner (2a) below the outer set of regions containing (3a), namely (3ac); like 
SO: 
3ac 
2a.  
Next pick convex -F8  from region (2b) which must match concave +bl .  Since concave +bl 
belongs to region (3f) we place (2b) below (3bdf). Of course it would have been faster to pick 
convex + a2 from region (2b). A matching concave + a2 in that case would quickly point to the 
ajacent region (3d), again part of (3bdf). Similarly we find: 
convex + b2 of region (2c) = concave - F7 of region (3b), thus 
3bdf 
so far. 
2bc 
convex +bl  of region (2d) = concave -F8  of region (3c), thus 
3c 
2d" 
In summary we found the kinds of regions that make the inner surfaces. 
The cells are: 
3ae 3bdf 3c 
2a ' 2bc ' 2d" 
It lies beyond the scope of this article to list all the inner and outer regions of the complete list 
of 225 cells of the stellated eltoidal hexecontahedron. 
By way of summary and conclusion we offer here some commentary on Fig. 5. This shows the 
primary regions and axis points for the stellation pattern of the deltoidal hexecontahedron. The 
figure shows labeled primary lines and the symmetry line (the y-axis) embedded in the complete 
stellation pattern (for simplicity omitted here). The intersections are n-fold axis points indicated 
by the number n. Note that consistently n lines meet at an n-fold axis point. Also note the 
remarkable dissection of the plane into "symmetry regions"--("2-3-5" type triangles). Another 
property may be observed. Moving along any given line, the n numbers follows a recurrent 
sequence which can start at any location and direction of a cyclical representation: 
Scheme 1 
Primary regions are defined as those bound areas that remain after all symmetry lines are 
omitted. We see that most symmetry regions are exactly thesame as primary regions. Because a 
primary region has a complete set of n-axis points it can exist as the only kind of region on the 
exterior of a fully symmetric, non-reentrant stellation. Such stellations are conveniently termed 
"primary stellations". However, there is some overlap in terminology. Some primaries are also 
main-liners, if the selected primary region is composed of only one kind of elementary egion. Other 
primaries are composite, i.e. non-main-line forms. 
A systematic way of counting and labeling primaries is to consecutively number the primary 
regions radiating from axis points of the highest n value. In Fig. 5 there are six distinct five-fold 
axis points. Radiating from them we can label 21 different primary regions. Almost immediately 
we arrive at the necessary nets for the complete set of 21 primary stellations of the deltoidal 
hexecontahedron. 
Plates 1-5 show some models of these primary steUations. 
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Plate 1. Model # 11 (derived from region ~ 11 of Fig. 5). 
Plate 2. Model 4e 14 (derived from region 4~ 14 of Fig. 5). 
Plate 3. Model 4~ 17 (derived from region ~ 17 of Fig. 5). 
Plate 4. Model 4~20 (derived from region #20 of Fig. 5). 
Plate 5. Model 4~ 11/20 (derived from regions # I I  and #20 of Fig. 5). 
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